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The structure of the electroweak theory is suggested by classical geometrical ideas. A nonlinear
map is constructed, from a 12-dimensional linear space of three Weyl spinors onto the 12-dimensional
tangent bundle of the Stiefel manifold of orthonormal tetrads associated with the Lorentz group —
except, inevitably, for a set of measure zero. In the approach of this paper, the electroweak field is
more natural than the Dirac field. This may be just a curiosity since it may not survive quantization,
but it suggests a path to bosonization of the electroweak field in (3+1) dimensions.
PACS numbers: 12.10.Dm,11.10.Lm
This paper suggests that a classical, pre-quantization
version of the electroweak dynamics can be understood
as a nonlinear dynamics for an orthonormal tetrad field
model. We will take as a starting point the construction
from a classical Dirac field of an orthonormal tetrad field
and its rate of change along the time-like 4-vector of the
tetrad:
T
µ
(0) =
ψγµψ√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(1) =
Re[ψcγµψ]√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(2) =
Im[ψcγµψ]√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(3) =
ψiγ0123γµψ√
(ψψ)2 + (ψγ0123ψ)2
,
SµναTα(0) = S
µν = ψiγµνψ,
assuming that
√
(ψψ)2 + (ψγ0123ψ)2 is non-zero almost
everywhere, so that we can take T µ(i) to be defined by
continuity wherever
√
(ψψ)2 + (ψγ0123ψ)2 is zero. [No-
tation: γµ is a generating basis for the Dirac alge-
bra (which is a Clifford algebra over the complex num-
bers), satisfying γµγν + γνγµ = 2gµν , where the metric
has signature (1,−1,−1,−1); γµν = 12 (γ
µγν − γνγµ);
γ0123 = γ0γ1γ2γ3.] T µ(i) and S
µν given on a time-like hy-
persurface are sufficient to determine Cauchy initial con-
ditions for a second order differential equation for T µ(i)
in a manifestly Lorentz covariant way (since the values
given at a point are independent of which time-like hyper-
surface is chosen). It is well-known that T µ(0) is time-like
and orthogonal to T µ(3), but not as well-known that taken
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with T µ(1) and T
µ
(2), constructed using the charge conju-
gate of ψ, which is determined only up to a complex
phase, they form an orthonormal tetrad. As a result of
Fierz identities, the six degrees of freedom of T µ(i) and the
six degrees of freedom of Sµν are not independent — in-
evitably, since they derive from the eight degrees of free-
dom of ψ. The orthonormal tetrad T µ(i) leaves the scale
and relative phase ψRψL of the left and right components
of ψ undetermined. A first order classical dynamics for
ψ can be understood to be equivalent to a constrained
higher order dynamics for the tetrad T µ(i).
To represent the six degrees of freedom of T µ(i) and
the six degrees of freedom of Sµν independently us-
ing spinors, we will follow the structure of the pre-
quantization electroweak field, introducing two left-
handed Weyl spinor fields, a right-handed Weyl spinor
field, and a Higgs field:
ΨL =
(
ψ1L
ψ2L
)
, ψR, Φ =
(
φ1
φ2
)
.
Then, we can construct two Dirac fields,
ψ = Φ†ΨL + ψR, χ = Φ
c†ΨL + ψR,
where Φc is a conjugate field orthogonal to Φ and of the
same scale, which is again determined only up to a com-
plex phase. From these we can construct an orthonormal
tetrad field as above,
T
µ
(0) =
ψγµψ√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(1) =
Re[ψcγµψ]√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(2) =
Im[ψcγµψ]√
(ψψ)2 + (ψγ0123ψ)2
,
T
µ
(3) =
ψiγ0123γµψ√
(ψψ)2 + (ψγ0123ψ)2
,
and construct an independent antisymmetric tensor Sµν
for the rate of change of T µ(i) along the time-like 4-vector
2T
µ
(0) as a linear combination of χiγ
µνχ and χcγ0123γµνχ
that is determined by the scale and relative phase ξ =
ψRΦ
†ΨL,
SµναTα(0) = S
µν = |ξ|2χiγµνχ+Re[ξχcγ0123γµνχ].
With this construction, T µ(i) and S
µν are entirely inde-
pendent. This is a little surprising, since Φ has played no
essential roˆle: Φ†ΨL and Φ
c†ΨL could have been written
just as two left handed spinors, so that a 12-dimensional
linear space is mapped nonlinearly and covariantly onto
the 12-dimensional tangent bundle of the Stiefel mani-
fold of orthonormal tetrads associated with the Lorentz
group — except, inevitably, for a set of measure zero.
The algebra and geometry of the above deserve a
little expansion. For the algebra, by introducing the
charge conjugate Dirac spinor into the algebra, we effec-
tively make the Dirac representation into a real matrix
representation M8(IR) ≃ M2(H1) ⊗ H2 of the quater-
nionic Clifford algebra that can be constructed from the
Lorentzian metric. In terms of this algebraic structure,
the “j” and “k” basis elements of the quaternionic algebra
H2, together with the complex “i” considered as a basis
element of H2, give a system of bilinear constructions
parallel to the constructions ψiγ0123γµψ and ψiγµνψ for
a Dirac spinor ψ, and related by an SU(2) group ac-
tion that generalizes the U(1) group action of the Dirac
algebra considered without charge conjugation. The ac-
tion of this SU(2) group leaves ψγµψ invariant, so it
can be considered to be the little group of ψγµψ, of Eu-
clidean rotations acting on the Lorentz covariant bilinear
forms ψiγ0123γµψ and ψiγµνψ. We could write a basis
for the full set of bilinear forms in a quaternionic notation
as ψψ, ψγµψ, Re[ψiγµνψ], Re[ψjγµνψ], Re[ψkγµνψ],
Re[ψiγ0123γµψ], Re[ψjγ0123γµψ], Re[ψkγ0123γµψ], and
ψγ0123ψ, if the Dirac conjugate ψ is extended to act as
a quaternionic conjugation on i, j, and k.
For the geometry, χ does not give us a sufficiently free
choice to allow us to set Sµν = χiγµνχ, because of the
constraint on ψR imposed by the construction of T
µ
(i). Re-
call that a given antisymmetric tensor Sµν can be written
as κAµν + λBµν , where Aµν = T [µZν], with T µTµ = 1,
ZµZµ = −1, T
µZµ = 0, A
µνBµν = 0; let TZ be the 2-
space spanned by T µ and Zµ. If we choose χγµχ ∈ TZ,
as we can, the scale and phase of ξ are fixed by the di-
rection in the 3-space Vχ — spanned by Re[ψiγ
0123γµψ],
Re[ψjγ0123γµψ], and Re[ψkγ0123γµψ] — of the intersec-
tion Zχ of TZ with Vχ. ξ is effectively used to construct
a stereographic projection into Vχ. ψR is fixed by ξ, and
χL is fixed by the choice of χγ
µχ up to a phase, which is
fixed by the phase of (κ, λ). With ψR and χL fixed, the
scale of Sµν(ξ,χ) = |ξ|
2χiγµνχ+ Re[ξχcγ0123γµνχ] is fixed,
which almost certainly will not be the scale required to
give Sµν = Sµν(ξ,χ), although we have succeeded in con-
structing Sµν(ξ,χ) to be proportional to S
µν — so we will
have to choose χγµχ ∈ TZ carefully (unsurprisingly, since
we are mapping between two manifolds of the same di-
mension). Changing our choice of χγµχ ∈ TZ generally
changes the direction of the intersection Zχ in Vχ; pro-
vided TZ does not contain χiγ0123γµχ, we can vary the
direction of Zχ relative to χiγ
0123γµχ continuously be-
tween almost parallel and almost anti-parallel, thereby
changing the scale of ξ continuously in the range (0,∞),
and hence changing the scale of Sµν(ξ,χ). This is enough
to ensure that, except for a set of measure zero, we can
construct a representation in terms of three Weyl spinors
for any given T µ(i) and S
µν .
It is the suggestion of this paper that the dynamics of
the electroweak field has its particular form because it
describes a perturbation of a second order dynamics of
an orthonormal tetrad field. To satisfactorily do so, the
symmetries of the algebraic equations used to construct
ψ and χ under the action of SU(2), Φ = UΦ, ΨL = UΨL,
and under the action of scaling, Φ = αΦ, ΨL = α
−1ΨL,
α ∈ IR+, should also be symmetries of the dynamics of
the electroweak field. The SU(2) symmetry is of course
present in the dynamics of the electroweak theory, but
the scaling symmetry is conspicuously absent, which ul-
timately would suggest that the Higgs particle might not
be found, since it corresponds to the scale degree of free-
dom of the Higgs field.
The nonuniqueness of the construction above consists
in a choice of an SU(2) phase for Φ, but also consists
in a fixed choice of an O(3) orientation and phase for
the assignment of T µ1 , T
µ
2 , and T
µ
3 to orthogonal linear
combinations of Re[ψiγ0123γµψ], Re[ψjγ0123γµψ], and
Re[ψkγ0123γµψ], and finally in a fixed choice of an O(3)
orientation and phase for the stereographic projection
of ξ into Vχ. The nonuniqueness of the construction
above does not affect the suggestion above. A differ-
ent construction just results in a given dynamics of the
electroweak field inducing a different dynamics of the or-
thonormal tetrad field that we construct. Perhaps no
dynamics of an orthonormal tetrad field derived from a
dynamics of an electroweak field will be simple to express,
but a particular construction may, or may not, be picked
out by the relative simplicity of equations describing the
induced dynamics. The suggestion above is determined
by no more than the Lorentzian structure of spinors, the
number of degrees of freedom and the symmetries of the
dynamics of the electroweak field, and the dimensional-
ity of the Lorentz group. The particular representation
above, of the Lorentz group acting on an orthonormal
tetrad field, should not be considered essential.
If we do think of the dynamics of the electroweak
field as inducing a dynamics of an orthonormal tetrad
field, then there is a topological invariant, corresponding
to the homotopy class of the orthonormal tetrad field.
The homotopy group for maps from S3 to the Lorentz
group (supposing that the dynamics effectively compact-
ifies IR3 to S3) is just Z . Following the Mandelstam ap-
proach to bosonization[1], fermion operators appear as
soliton operators in the framework of a bosonic theory,
and fermion charges appear as topological charges of the
bosonic theory[2]. For a quantized sine-Gordon field φˆ(y)
in (1+1) dimensions, Mandelstam constructs two opera-
3tors ψˆ1(x) and ψˆ2(x), with commutation relations, at a
fixed time t,
[φˆ(y), ψˆi(x)] = 2piβ
−1θ(x − y)ψˆi(x);
ψˆ1(x) and ψˆ2(x) also satisfy the anticommutation rela-
tions and dynamics of the 1+1 dimensional Dirac equa-
tion. ψˆ1(x) and ψˆ2(x) change the homotopy class of the
sine-Gordon field φˆ(y), supposing that the sine-Gordon
field is effectively a map from S1 to S1. Mandelstam’s ap-
proach suggests S3 as a topologically nontrivial starting
point for a bosonization of the Dirac equation in 1+3 di-
mensions, but the numbers of degrees of freedom in the
1+3 dimensional case do not match, as they do in the
1+1 dimensional case — 3 × 2 6= 8 degrees of freedom,
in contrast to 1 × 2 = 2. S3 might nonetheless work for
the 1+3 dimensional Dirac equation (sadly, there isn’t a
general theory that can assure us that we can in prin-
ciple bosonize any given fermion field), but, at least in
the light of the construction given above, SO(1, 3) is the
natural structure to try as the basis of a bosonization of
the electroweak theory.
The topological invariant of the orthonormal tetrad
field can also be thought of as a topological invariant of
the first O(3) nonuniqueness discussed in the last but one
paragraph, if we take that O(3) orientation and phase to
be variable. There is a curious further possibility for us
to introduce raising and lowering operators for the sec-
ond O(3) nonuniqueness, if we take that O(3) orientation
and phase also to be variable. All of this may, perhaps,
allow an understanding of the relationship between the
three families of leptons.
The inverse square roots don’t look good from the
point of view of quantization. They can be removed,
but only at the cost of diluting the topological properties
of the construction above. We can construct two Dirac
fields as above, ψ = Φ†ΨL + ψR, χ = Φ
c†ΨL + ψR, then
we can construct an orthogonal tetrad field,
T
µ
(0) = Φ
†Φψγµψ,
T
µ
(1) = Φ
†ΦRe[ψcγµψ],
T
µ
(2) = Φ
†ΦIm[ψcγµψ],
T
µ
(3) = Φ
†Φψiγ0123γµψ;
for each of these 4-vectors the length
∣∣∣T µ(i)
∣∣∣ is
Φ†Φ
√
(ψψ)2 + (ψγ0123ψ)2. We again define ξ =
ψRΦ
†ΨL, then we can construct a tensor S
µν for the
rate of change of T µ(i) along the time-like 4-vector T
µ
(0) as
Sµν = |ξ|2χiγµνχ+Re[ξχcγ0123γµνχ]+T β(0)∂β(Φ
†Φ)gµν .
We can use the rate of change of Φ†Φ along T µ(0) for the
symmetric part of Sµν because Φ satisfies a second or-
der differential equation in the electroweak theory. This
construction, which is again not unique, restores an ex-
pectation that we will find the Higgs particle.
The electroweak theory is a rather ugly construction,
with its three Weyl spinors and a Higgs field. It is em-
pirically well justified, but it has very little theoretical
motivation. The construction of this paper seems a mod-
erately natural parameterization of the tangent bundle
of the Lorentz group, which may be construed as a weak
theoretical motivation for the electroweak theory.
I am grateful to Jonathan Dimock for comments on
earlier versions of this paper.
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